Featured Application: Shortcut to wave-structure calculation for elastodynamic guided waves and prediction of acoustic leakage behavior.
Introduction
In this paper, we demonstrate how the partial-wave method, as first introduced by Solie and Auld [1] , can be used to gain a new perspective on guided waves. This new perspective adds to our understanding of the structure of guided waves, and provides valuable insight into the leaky characteristics of Lamb waves (which are not to be confused with the study of leaky Lamb waves and their corresponding dispersion curve solutions).
At present, our understanding of guided waves is primarily informed by the derivation of characteristic equations and dispersion curve solutions. The dispersion curve solutions in particular have become significantly more accessible with the widespread use of the semi-analytical finite element (SAFE) method. However, the SAFE method does not provide the same level of understanding that would be possible by analyzing a characteristic equation. The most well-known example of this is that the two-part Lamb wave characteristic equation shows that all of the Lamb waves can be divided into two types: symmetric and anti-symmetric. Hence, the importance of the present work. However, this paper will not Appl. Sci. 2018, 8, 966 2 of 22 cover the calculation of dispersion curves, attenuation, energy loss, or anisotropic materials. Neither will it cover the derivation of characteristic equations for various guided waves.
For the purpose of clarity, in this paper, bulk waves are plane waves that travel through the bulk of a media, and surface waves are plane waves that travel along the surface of a media. It is emphasized that all of the waves are considered to have a planar wavefront. Sections 2 and 3 will provide a brief history and the fundamentals of the partial-wave method and the Christoffel equation, respectively. These sections give special attention to the diction used and the assumptions made, as they are pertinent to how the interpretation presented in this paper deviates from the literature. Section 4 describes this new method of interpretation. It discusses in detail how the slowness curve solutions of the Christoffel equation can be used to interpret the characteristics of most guided waves, and the Lamb wave solutions in particular. Sections 5 and 6 apply the new method of interpretation to a variety of guided waves, which include Rayleigh waves, Stoneley waves, Lamb waves, and shear horizontal waves.
Section 7 focuses on Lamb waves, and a method developed in Section 6 is used to investigate the contributions of each partial wave to Lamb waves from 50 kHz to 20 MHz for a 1-mm thick aluminum plate. This section also identifies characteristics of Lamb waves that have not been formally discussed in the literature.
Section 8 uses the results from the previous sections to develop an understanding of the leaky characteristics of Lamb waves. Various characteristics of the acoustic leakage from the waveguide can be easily determined, including the angle of propagation and the amplitude of emission based on the interface conditions. A correlation between the amount of acoustic leakage and the refraction qualities of obliquely travelling bulk waves in the guided wave is also identified.
The Partial Wave Method
The term 'partial-wave method' first appeared in a paper by Solie and Auld in 1973 [1] ; specifically, it was called "the method of partial waves (or transverse resonance)". This method was described as follows: "In this method, the plate wave solutions are constructed from simple exponential-type waves (partial waves), which reflect back and forth between the boundaries of the plates . . . " They go on to write, "A basic principle of the partial wave method is that the partial waves are coupled to each other by reflections at the plate boundaries". In Auld's 1990 monograph [2] , he discusses the method further: "[the superposition of partial waves method] can be further simplified by making use of the transverse resonance principle, which has been used to great advantage in electromagnetism" [emphasis added by Auld] . That is, what is known colloquially as the partial-wave method can be broken down into two parts. First, there is the superposition of the partial-waves method, which uses the principle of superposition with the Christoffel equation's solutions (i.e., partial waves) [2] . Second, there is the transverse resonance principle, which assumes that the standing wave perpendicular to wave propagation can only exist if the partial waves satisfy the relevant boundary conditions [2, 3] . Modern application of the partial-wave method includes the calculation of dispersion curves using the global-matrix method or the transfer-matrix method for anisotropic plates and/or multilayered plates [4, 5] .
The Christoffel Equation and the Use of Slowness Curves
The Christoffel equation is critical to the flexibility and strength of the partial-wave method. The Christoffel equation can be derived by assuming a plane wave (Equation (4)) propagating in a solid elastic media (Equations (1)- (3)). 
Here σ ij , ij , and u i are the stress, strain, and displacement; ρ and C ijkl are the mass density and elastic stiffness; k j and ω are the wave vector and angular frequency; i, j, k, l = x, y, z, and t is the time variable. When combined, Equations (1)-(4) yield the Christoffel equation:
When Equation (5) is solved, a slowness curve/surface can be calculated and plotted in an inverse phase velocity space.
Deriving the Expression for the Slowness Curves of an Isotropic Solid
For an isotropic linear elastic solid, Equation (2) can be replaced with:
where λ and µ are the Lamé parameters and δ is the Kronecker delta. As a side note, in addition to replacing Equation (2) with Equation (6), if Equation (4) is replaced with:
or:
then, the Christoffel equation can be used to derive the relationship between the Lamé parameters, the longitudinal wave speed, c L , and the shear wave speed, c S :
wherex andẑ are the unit vectors along the x-axis and the z-axis. Using Equation (6) , assuming k y = k z = 0 (i.e., wave propagation in the x-z plane), and dividing through by ω 2 , Equation (5) can be rearranged into matrix form:
where:
Equations (11) and (12) represent a system of linear homogeneous equations, where c −1 x = k x /ω and c −1 z = k z /ω. The non-trivial solution to Equation (11) only exists if:
Expanding Equation (13) based on Equation (12) results in:
The solutions to the characteristic equation (Equation (14) ) are:
c −2
If Equations (9) and (10) are considered, the right-hand side of Equations (15) and (16) S , respectively. These represent the slowness curve solutions to the Christoffel equation of an isotropic material. It should be noted that in Equation (14) , the squared term represents the multiplicity in the shear wave's slowness curve solutions.
Interpretation of Slowness Curve Solutions
From the previous section, it is clear that the solutions to the Christoffel equation do not take into consideration the boundary conditions (BCs) of the problem. That is, the solution only depends on the material properties of the elastic solid in which the plane waves propagate. As a result, in the literature, it is shown that the Christoffel equation can be used to determine the reflection and refraction characteristics of plane waves at oblique incidence to an interface between anisotropic elastic solids [6] [7] [8] . Additionally, the energy velocity vector and the bulk wave's skew angle can be calculated [4] .
Slowness curves are often plotted in terms of the 'inverse phase velocity'. However, since phase velocity is not a vector, the use of the term 'inverse phase velocity' to describe the slowness vector can be confusing. A different notation that may be easier to conceptually understand is plotting slowness curves on the k z /ω and k x /ω axis instead of the c −1 z versus c −1 x axis. Therefore, if a ray is drawn from the origin to a point on the slowness curve, it is understood that its unit vector describes the wave propagation direction in the x-z plane.
Since the focus of the partial-wave method is on guided waves, for the purposes of this paper, it is assumed that the wave is propagating parallel to the boundary/interface, which we take to be in the x-direction. The z-axis is through the thickness of the elastic solid. This coordinate system will be maintained throughout the entirety of the paper, with additional details depending on the problem being considered. Further, continuing to assume that k y = 0, and using the frequency-wavenumber (ω-k x ) pairs obtained from any one of the many methods for calculating dispersion curves (i.e., enforcing the BC and solving the eigenvalue problem), the Christoffel equation becomes a complex valued quadratic eigenvalue problem in three dimensions. The solution, should it exist, will always be composed of six complex valued eigensolutions. These six solutions are the partial waves of the partial-wave method. The partial waves can be paired up into three pairs, and each pair is composed of an upward and a downward propagating wave (i.e., the magnitudes of the eigenvalues are the same, but the signs are opposite) [1, 4] .
In Auld [2] , there is a discussion of regions for an increasing k x , in which the partial waves have specific characteristics. Also, in Auld [2] , it is recognized that at an interface, k x is the same for all of the partial waves in order to satisfy Snell's law, and that a given guided wave must theoretically have a single k x value for a given ω. Auld gives an example for an isotropic material, which has two slowness curves and three regions (see Equations (15) and (16)):
• Region 1: 0 < c p < c S All six partial waves are surface waves (imaginary-valued k z ) (see Figure 1a ).
Two partial waves are surface waves (imaginary-valued k z ), and four are bulk waves (real-valued k z ) (see Figure 1b ).
•
Region 3: c L < c p : All six partial waves are bulk waves (real-valued k z ) (see Figure 1c ).
The inverses of the shear and longitudinal group velocities (c −1
S and c −1 L ) are also the radii of the two slowness curves, which are circles for an isotropic material. By Crandall's paper [6] , it is also understood that outside of these circles, the value for k Z becomes imaginary, and the magnitude traces a hyperbola.
Auld also gives examples of slowness curve representations for a shear horizontal (SH) mode composed of obliquely travelling bulk waves, and a piezoelectric plate with leaky electromagnetic radiation [2] .
This concludes the state-of-the-art section of the paper. How these theories and concepts allow us to reinterpret our understanding of guided waves in a novel way is discussed from here onward. Figure 1 . Depiction of the characteristics of (a) region 1, (b) region 2, and (c) region 3 with respect to the slowness curves of an isotropic solid. Slowness curves with solid lines denote real-valued solutions, and dotted lines denote imaginary-valued solutions. This figure is a compilation of elements from the figures in Auld [2] and Crandall [6] .
Reinterpreting the Dispersion Curves
As mentioned previously, the Christoffel equation is only dependent upon the material properties of the elastic solid in which the plane waves propagate. The BCs are not used until the partial-wave method is applied. Not only that, but the boundary conditions are not limited to the conventional traction-free BCs (e.g., Lamb waves). As a result, the partial-wave method is not limited to any specific type of waveguide. In fact, most types of guided waves should be representable using slowness curves. For some, such as the shear horizontal guided waves, this approach is more cumbersome than the standard derivation. However, its value lies in how it provides a fundamental foundation for all of the guided waves, and a common method for interpreting and comparing each one. When considering reflection/transmission, mode conversion, or multi-mode propagation, this perspective is quite beneficial.
In modern literature, perhaps the most commonly used dispersion curves are of Lamb waves in an aluminum plate in terms of phase velocity versus the frequency-thickness product. Using the three regions depicted in Figure 1 , we can divide the phase velocity dispersion curves into three regions, as shown in Figure 2 . By doing this, it is possible to view how the dispersion curve solutions match up with the partial waves' characteristics. For example, this is a good way to dispel the potential misconception that guided waves are composed of multiple reflecting bulk waves. That is, the original assumption of plane wave propagation (Equation (4)), which is fundamental to the Christoffel equation, does not exclude the surface wave solution (i.e., imaginary-valued ) as increases. It would be more accurate to say that guided waves are a superposition of reflecting bulk waves and surface waves with elliptical particle motion (this will be shown in the later calculations and examples).
In fact, guided waves composed solely of reflecting bulk waves exist only in Region 3 (c), where they are highly dispersive. However, there is one exception to this rule: there exists a range of phase velocities in Region 2 (Figure 1b) , where only bulk waves propagate, which will be discussed in a later section.
The A0 mode and Rayleigh waves exist in Region 1 (Figure 1a) , where each guided wave can be represented in terms of six surface waves. The low-frequency S0 mode is in Region 2 (b), and is composed of two surface waves and two bulk waves (as will be shown later in the paper), excluding the two shear horizontal partial waves.
The line separating Region 1 ( Figure 1a ) and Region 2 ( Figure 1b ) has great significance, since many Lamb wave modes appear nearly non-dispersive near it. That is, the higher-order Lamb waves approach the shear wave speed, and the A0 and S0 modes approach the Rayleigh wave speed for large values. The shear horizontal modes also converge to this line for large values. The line Figure 1 . Depiction of the characteristics of (a) region 1, (b) region 2, and (c) region 3 with respect to the slowness curves of an isotropic solid. Slowness curves with solid lines denote real-valued k z solutions, and dotted lines denote imaginary-valued k z solutions. This figure is a compilation of elements from the figures in Auld [2] and Crandall [6] .
In modern literature, perhaps the most commonly used dispersion curves are of Lamb waves in an aluminum plate in terms of phase velocity versus the frequency-thickness product. Using the three regions depicted in Figure 1 , we can divide the phase velocity dispersion curves into three regions, as shown in Figure 2 . By doing this, it is possible to view how the dispersion curve solutions match up with the partial waves' characteristics. For example, this is a good way to dispel the potential misconception that guided waves are composed of multiple reflecting bulk waves. That is, the original assumption of plane wave propagation (Equation (4)), which is fundamental to the Christoffel equation, does not exclude the surface wave solution (i.e., imaginary-valued k z ) as k x increases. It would be more accurate to say that guided waves are a superposition of reflecting bulk waves and surface waves with elliptical particle motion (this will be shown in the later calculations and examples).
The line separating Region 1 ( Figure 1a ) and Region 2 ( Figure 1b ) has great significance, since many Lamb wave modes appear nearly non-dispersive near it. That is, the higher-order Lamb waves approach the shear wave speed, and the A0 and S0 modes approach the Rayleigh wave speed for large The A0 and S0 Lamb wave modes' tendency to approach the Rayleigh wave phase velocity can also be explained using this reinterpretation, since increasing will increase the magnitude of the imaginary-valued (see Figure 1a ). Once increases sufficiently, the surface waves decay with the depth from the surface before interacting with the opposite traction-free boundary, thereby imitating a Rayleigh wave. This also explains why quasi-Rayleigh waves [9] have similar wave structures to Rayleigh waves. That is, the quasi-Rayleigh wave and the Rayleigh wave are both composed of partial waves (with slight differences in amplitude and exponential decay).
Many higher-order Lamb modes have wave structures that are sinusoidal through the thickness, but have slightly larger or smaller amplitudes near the traction-free boundaries. In Region 2 ( Figure  1b ), this could be explained by surface waves affecting the wave structure near the traction-free boundaries, while the reflecting bulk waves create the sinusoidal appearance.
This reinterpretation of guided waves provides for the relatively simple calculation of wave structures based on the superposition of the partial-wave eigensolutions. Based on the preceding concepts and with wave propagation in the -direction, = / = . Solving Equations (15) and (16) for results in:
and:
respectively. Equations (9), (10) and (17) can then be substituted into Equation (11) to get matrix as a function of and :
And Equations (9), (10) and (18) The A0 and S0 Lamb wave modes' tendency to approach the Rayleigh wave phase velocity can also be explained using this reinterpretation, since increasing k x will increase the magnitude of the imaginary-valued k z (see Figure 1a ). Once k z increases sufficiently, the surface waves decay with the depth from the surface before interacting with the opposite traction-free boundary, thereby imitating a Rayleigh wave. This also explains why quasi-Rayleigh waves [9] have similar wave structures to Rayleigh waves. That is, the quasi-Rayleigh wave and the Rayleigh wave are both composed of partial waves (with slight differences in amplitude and exponential decay).
Many higher-order Lamb modes have wave structures that are sinusoidal through the thickness, but have slightly larger or smaller amplitudes near the traction-free boundaries. In Region 2 (Figure 1b ), this could be explained by surface waves affecting the wave structure near the traction-free boundaries, while the reflecting bulk waves create the sinusoidal appearance.
This reinterpretation of guided waves provides for the relatively simple calculation of wave structures based on the superposition of the partial-wave eigensolutions. Based on the preceding concepts and with wave propagation in the x-direction, c p = ω/k x = c x . Solving Equations (15) and (16) for c −1 z results in:
and: c −1
respectively. Equations (9), (10) and (17) can then be substituted into Equation (11) to get matrix A as a function of c −1
And Equations (9), (10) and (18) can be substituted into Equation (11) to get matrix A as a function of and c −1
x and c −1
S :
Finding the reduced row echelon form of A (L) and A (S) gives the solution to the eigenvectors, which contain, at most, two free variables (i.e., m and p). Considering A (L) and A (S) , and also the "±" terms in them, which correspond with the sign of k z , results in four possible eigenvectors (not including the multiplicity). For the positive k z eigenvalue of the longitudinal wave, the eigenvector is:
While for the negative k z eigenvalue of the longitudinal wave, the eigenvector is:
For the positive k z eigenvalue of the shear wave, the eigenvector is:
While for the shear wave's negative k z eigenvalue, the eigenvector is:
The superscripts L and S correspond to the longitudinal and the shear waves, respectively. The S can be made more specific by using SV and SH to denote the shear vertical and shear horizontal polarizations.
Examining Equations (21) and (22), it is clear that for c −1
L , the square root becomes imaginary-valued, and for c −1
L , the square-root becomes real-valued. These two scenarios correspond with the surface wave and bulk wave solutions, respectively. The same holds true for Equations (23) and (24) S and positive k z , the corresponding eigenvector is:
and for negative k z it is:
Hence, for very large c −1 x values (relative to their respective wave speeds), the eigenvectors become circularly polarized, regardless of whether it is a shear wave or longitudinal wave. Lastly, for a given k x and ω, the k z values of the four partial waves (not including the multiplicity of the shear waves) can be calculated using Equations (15) and (16):
As implied previously, since the solution of the Christoffel equation does not depend on the boundary/interface conditions, a linear combination of the partial waves should be able to represent most elastodynamic guided waves, regardless of the boundary/interface conditions. We demonstrate this in the following sections. The material properties shown in Table 1 will be used. For each partial-wave eigenvector calculated in the following examples, the free variable is set equal to unity; then, the resulting eigenvector is normalized into a unit vector by dividing by its magnitude. 
Rayleigh Waves and Generalized Rayleigh Waves

Rayleigh Waves
The Rayleigh wave, which travels at the surface of a half-space, is a good starting example, since its solution is well-known, and this different approach will mirror the conventional derivation in the literature. The term 'generalized Rayleigh waves' will be used to refer to a class of wave propagation solutions developed following the original Rayleigh wave derivation, as was done by Stoneley [11] . This will be considered later in section V.B.
Assuming an aluminum half-space with the boundary at z = 0, an example Rayleigh wave calculation is completed using the previously mentioned methods. The eigensolutions for the six partial waves at a frequency of 3.188 × 10 6 rad/s and a wavenumber of 1103.4 rad/m are shown in Table 2 . The frequency and wavenumber were chosen to match the non-dispersive phase velocity solution to the standard Rayleigh wave problem. 
There are several notable results in Table 2 :
• All of the k z values are imaginary, since Rayleigh waves exist in Region 1 ( Figure 1a );
because of the hyperbolic shape of the imaginary-valued slowness curves;
, and k (−SH) z have a multiplicity due to the isotropic material properties; • The eigenvectors are complex, which suggests elliptical particle motion [9] ;
are not complex-valued.
As shown in Figure 3 , only the exponentially decaying solutions are necessary for the Rayleigh wave solution, because the domain is a half-space. Although the derivation method is different, closer inspection of the solutions shows that they match the values of and given by Viktorov [9] . In the conventional derivation, the Rayleigh wave solution is a superposition of two exponentially decaying terms that are dependent upon the phase velocity and material properties, so this close agreement is expected. A superposition of the two partial waves, when ( , , ) = ( ) ( ) , can be represented as:
The amplitudes of each partial wave, ( ) and ( ) , are solved for by substituting into one of the BCs:
and assuming ( ) = 1. This approach is taken in lieu of satisfying both BCs (by setting the determinant of the coefficients matrix equal to zero), since is an approximate value, and the determinant is never exactly zero, so most attempts at getting a reduced row echelon form of the matrix result in the trivial solution of the eigenvector. To avoid this dilemma, we set 
Stoneley Waves
The same approach can be applied to generalized Rayleigh waves. Generalized Rayleigh waves refer to guided waves that demonstrate Rayleigh wave-like characteristics, such as for example, Stoneley waves, Scholte waves, and Love waves [11] [12] [13] . For this example, Stoneley waves will be the focus, but a similar approach can be applied to the others as well.
Stoneley waves, which propagate along the interface between two half-spaces, will be analyzed as an example. Stoneley waves typically have a non-dispersive phase velocity that is slightly less than the denser material's bulk shear wave velocity, which means that it is in Region 1 (Figure 1a) . A Rayleigh wave-like wave structure should exist in the denser half-space [2] . A tungsten half-space rigidly connected to an aluminum half-space will be used for the example. Using Auld's example (i.e., on pages 104-105 in [2] ), the six eigensolutions are calculated for a frequency of 3.188 × 10 rad/s and a wavenumber of 1172.1 rad/m. The frequency and wavenumber are chosen to meet the non-dispersive phase velocity solution to the Stoneley wave problem [2] . The eigensolutions at this frequency and wavenumber are shown in tables 3 and 4 for tungsten and aluminum, respectively. Although the derivation method is different, closer inspection of the k z solutions shows that they match the values of q and s given by Viktorov [9] . In the conventional derivation, the Rayleigh wave solution is a superposition of two exponentially decaying terms that are dependent upon the phase velocity and material properties, so this close agreement is expected. A superposition of the two partial waves, when u i (x, z, t) = u i (z)e i(−k x x+ωt) , can be represented as:
The amplitudes of each partial wave, B (−L) and B (−SV) , are solved for by substituting into one of the BCs:
and assuming B (−L) = 1. This approach is taken in lieu of satisfying both BCs (by setting the determinant of the coefficients matrix equal to zero), since k x is an approximate value, and the determinant is never exactly zero, so most attempts at getting a reduced row echelon form of the matrix result in the trivial solution of the eigenvector. To avoid this dilemma, we set B (−L) = 1, and normalized as necessary. σ xz = 0 could be used in place of the other BC, but only one is necessary. Solving for B (−SV) , it is found that B (−SV) = −1.154. Plotting Equation (29) with the calculated values of B (−L) and B (−SV) gives the same wave structure for a Rayleigh wave as that found in Viktorov [9] .
Stoneley waves, which propagate along the interface between two half-spaces, will be analyzed as an example. Stoneley waves typically have a non-dispersive phase velocity that is slightly less than the denser material's bulk shear wave velocity, which means that it is in Region 1 (Figure 1a) . A Rayleigh wave-like wave structure should exist in the denser half-space [2] . A tungsten half-space rigidly connected to an aluminum half-space will be used for the example. Using Auld's example (i.e., on pages 104-105 in [2] ), the six eigensolutions are calculated for a frequency of 3.188 × 10 6 rad/s and a wavenumber of 1172.1 rad/m. The frequency and wavenumber are chosen to meet the non-dispersive phase velocity solution to the Stoneley wave problem [2] . The eigensolutions at this frequency and wavenumber are shown in Tables 3 and 4 for tungsten and aluminum, respectively. 
For both tungsten and aluminum, the Stoneley wave is in Region 1 ( Figure 1a) . To construct the Stoneley wave displacement solution, the following partial waves are needed: solutions (−L) and (−SV) from aluminum's Christoffel equation, and solutions (+L) and (+SV) from the tungsten's Christoffel equation. Solutions (−L) and (−SV) from the aluminum are considered to be exponentially decaying solutions for +z values, while solutions (+L) and (+SV) from the tungsten are considered to be exponentially decaying solutions for −z values. These are shown in Figure 4 with respect to the interface. 
Partial Waves
For both tungsten and aluminum, the Stoneley wave is in Region 1 ( Figure 1a) . To construct the Stoneley wave displacement solution, the following partial waves are needed: solutions (− ) and (− ) from aluminum's Christoffel equation, and solutions (+ ) and (+ ) from the tungsten's Christoffel equation. Solutions (− ) and (− ) from the aluminum are considered to be exponentially decaying solutions for + values, while solutions (+ ) and (+ ) from the tungsten are considered to be exponentially decaying solutions for − values. These are shown in Figure 4 with respect to the interface. The superposition of partial waves for each material, when ( , , ) = ( ) ( ) , is shown in Equations (32) and (33). For tungsten (using values from Tables 3):
while for aluminum (using values from Table 4 ): The superposition of partial waves for each material, when u i (x, z, t) = u i (z)e i(−k x x+ωt) , is shown in Equations (32) and (33). For tungsten (using values from Table 3) :
while for aluminum (using values from Table 4) :
Since the two half-spaces are assumed to be welded at the interface, the three of the four available interface conditions:
can be used to solve for the amplitudes B (−L) , B (+SV) , and B (−SV) (i.e., assuming B (+L) = 1). Using these interface conditions, it was found that B (−L) = −0.3465, B (+SV) = −1.2181, B (−SV) = 0.3108. Equations (32) and (33) can now be plotted to get the Stoneley wave's wave structure, as shown in Figure 5 .
can be used to solve for the amplitudes ( ) , Using these interface conditions, it was found that 
Lamb Waves and Shear Horizontal Waves
Consider a 1-mm thick aluminum plate with traction-free BCs, and the same frequency as was analyzed in the previous section. The wavenumbers are calculated based on the Lamb wave dispersion curve solutions at that frequency.
A0 Lamb Wave Mode
The six eigensolutions at a frequency of 3.188 × 10 rad/s and a wavenumber of 1688.7 rad/m are shown in Table 5 . This frequency-wavenumber pair corresponds with the red-triangle symbol plotted in the dispersion-curve plot shown in Figure 2 . Similar to the Christoffel equation solutions used for the Rayleigh -wave case, the solutions in Table 5 are typical of Region 1 (Figure 1a) , in which the A0 mode exists. Unlike the Rayleigh wave case, there is now a bottom surface, so the exponentially increasing eigensolutions are now necessary, although they will be written as exponentially decreasing from the bottom surface upward as ( ) . Using the coordinate system shown in Figure 6 , assignment to the top or bottom of the plate means that the partial waves will be defined using ( ) or ( ) , respectively. For simplicity, the rule used in this paper to categorize the partial waves between the top or bottom of the plate is shown in Table 6 . 
Partial Waves , rad/m
Coordinate Along the Z-axis (m) Figure 5 . Wave structure of a Stoneley wave calculated using the partial-wave method at an aluminum/tungsten interface. Blue lines are the coordinate axis. −z is in the tungsten half-space, and +z is in the aluminum half-space.
Lamb Waves and Shear Horizontal Waves
A0 Lamb Wave Mode
The six eigensolutions at a frequency of 3.188 × 10 6 rad/s and a wavenumber of 1688.7 rad/m are shown in Table 5 . This frequency-wavenumber pair corresponds with the red-triangle symbol plotted in the dispersion-curve plot shown in Figure 2 . Similar to the Christoffel equation solutions used for the Rayleigh -wave case, the solutions in Table 5 are typical of Region 1 (Figure 1a) , in which the A0 mode exists. Unlike the Rayleigh wave case, there is now a bottom surface, so the exponentially increasing eigensolutions are now necessary, although they will be written as exponentially decreasing from the bottom surface upward as e −ik z (z−H) . Using the coordinate system shown in Figure 6 , assignment to the top or bottom of the plate means that the partial waves will be defined using e −ik z (z) or e −ik z (z−H) , respectively. For simplicity, the rule used in this paper to categorize the partial waves between the top or bottom of the plate is shown in Table 6 . Table 6 . Method for assigning partial waves to the top or bottom of the plate using the coordinate system shown in Figure 6 and assuming e −ik z z .
Top of Plate Bottom of Plate
Real-valued (bulk waves) k Table 6 . Method for assigning partial waves to the top or bottom of the plate using the coordinate system shown in Figure 6 and assuming . Figure 6 . Conceptual depiction of the partial waves, which are necessary for the A0 Lamb wave problem, overlaid on a plate in vacuum.
The superposed displacement profile in the z-direction is constructed by considering the symmetry of the problem:
where ( , , ) = ( ) ( ) . For partial waves existing on the bottom surface of the plate, it is shown in Equation (38) 
It was found that ( ) = 1, and ( ) = ( ) = −1.0284. As before, Equation (38) can now be used to plot the wave-structure of the A0 mode at this frequency.
S0 Lamb Wave Mode
The six eigensolutions at a frequency of 3.188 × 10 rad/s and a wavenumber of 591.57 rad/m are shown in Table 7 , where the shear vertical solutions have real-valued and real-valued The superposed displacement profile in the z-direction is constructed by considering the symmetry of the problem:
where u i (x, z, t) = u i (z)e i(−k x x+ωt) . For partial waves existing on the bottom surface of the plate, it is shown in Equation (38) that the z-position is offset by the thickness of the plate. Just as in the Rayleigh wave problem, B (−L) , B (+SV) , and B (−SV) can be solved by using three of the four BC available (assuming that B (+L) = 1):
It was found that B (−L) = 1, and B (+SV) = B (−SV) = −1.0284. As before, Equation (38) can now be used to plot the wave-structure of the A0 mode at this frequency.
The six eigensolutions at a frequency of 3.188 × 10 6 rad/s and a wavenumber of 591.57 rad/m are shown in Table 7 , where the shear vertical solutions have real-valued k z and real-valued eigenvectors. This frequency-wavenumber pair corresponds with the red-diamond symbol plotted in the dispersion-curve plot shown in Figure 2 . These solutions correspond with the bulk waves reflecting within the plate waveguide (see Figure 7) . eigenvectors. This frequency-wavenumber pair corresponds with the red-diamond symbol plotted in the dispersion-curve plot shown in Figure 2 . These solutions correspond with the bulk waves reflecting within the plate waveguide (see Figure 7) . The displacement solution is constructed in a manner analogous to the A0 mode, except now there are bulk waves present: . This multiplication is equivalent to letting the wave propagate over some non-zero distance and/or time.
Shear Horizontal Guided Wave Mode
Since the shear horizontal (SH) guided wave modes are similar to each other, a single discussion of how each behaves is possible. The dispersion relationship found in Rose [4] is:
is the guided wave mode number, and ℎ = /2. The phase velocity is equal to the shear wave velocity for = 0, and for large values, it approaches the shear wave velocity for all > 0. The Figure 7 . Conceptual depiction of the partial waves, which are necessary for the S0 Lamb wave problem, overlaid on a plate in vacuum. The angle for the propagation direction of the shear vertical partial waves was calculated using tan
This average is used to account for the approximate nature of the solutions. B
(L)
avg is representative of the amount of the longitudinal partial waves that make up a given Lamb wave mode, and is overlaid on the dispersion curves as an intensity plot in Figure 8a .
Similarly, since |B (+SV) | ≈ |B (−SV) | due to the symmetry of the problem, the contribution of the shear vertical partial waves can also be shown by calculating:
and plotting it in Figure 8b . In Figure 8 , it can be seen that in Region 1 (Figure 1a) , the apportionment of longitudinal (i.e., ( ) ) and shear vertical (i.e., ( ) ) partial waves are similar. However, in regions 2 and 3 ( Figure   1b ,c) however, this is no longer the case. In Region 2 (Figure 1b) , the Lamb waves around 4000 m/s are almost entirely made up of bulk shear vertical partial waves, and Lamb waves just below 6000 m/s are made up of mostly surface longitudinal partial waves. Interestingly, Lamb modes have phase and group velocities of √2 and are comprised of shear bulk waves propagating at ±45° [14] . Region 2 (Figure 1b ) also has a clear phase velocity dependence on the amount of each partial wave, but no frequency dependence. In Region 3 (Figure 1c ), a certain degree of mode dependence appears, but it does not appear to differentiate between symmetric and anti-symmetric modes.
Using Opposing Phases to Sort Symmetric and Anti-Symmetric Lamb Wave Modes
Another advantage of using the partial-wave method is that the phase difference between the partial waves at the top and bottom of the plate can be different depending on the type of Lamb wave. That is, in symmetric modes, the top partial wave will be about 180° out-of-phase with the bottom partial wave. Anti-symmetric modes will typically have the top and bottom partial waves in-phase. This can be demonstrated by calculating from Equation (45):
which should be equivalent to:
However, since the frequency-wavenumber pairs are approximations, will vary from −1 to +1 for most Lamb waves. The values of are overlaid on the dispersion curves in Figure 9 . It is worth emphasizing that the phase difference between the top and bottom partial waves applies to both the longitudinal and shear vertical partial waves, as shown in Equation (45). avg ) partial waves after normalizing and averaging the magnitude for various points on the Lamb wave dispersion curves for a 1-mm thick aluminum plate.
In Figure 8 , it can be seen that in Region 1 (Figure 1a) , the apportionment of longitudinal (i.e., B Figure 1b) , the Lamb waves around 4000 m/s are almost entirely made up of bulk shear vertical partial waves, and Lamb waves just below 6000 m/s are made up of mostly surface longitudinal partial waves. Interestingly, Lamb modes have phase and group velocities of √ 2c s and are comprised of shear bulk waves propagating at ±45 • [14] . Region 2 (Figure 1b ) also has a clear phase velocity dependence on the amount of each partial wave, but no frequency dependence. In Region 3 (Figure 1c) , a certain degree of mode dependence appears, but it does not appear to differentiate between symmetric and anti-symmetric modes.
Another advantage of using the partial-wave method is that the phase difference between the partial waves at the top and bottom of the plate can be different depending on the type of Lamb wave. That is, in symmetric modes, the top partial wave will be about 180 • out-of-phase with the bottom partial wave. Anti-symmetric modes will typically have the top and bottom partial waves in-phase. This can be demonstrated by calculating q from Equation (45):
16 of 22 which should be equivalent to:
However, since the frequency-wavenumber pairs are approximations, q will vary from −1 to +1 for most Lamb waves. The values of q are overlaid on the dispersion curves in Figure 9 . It is worth emphasizing that the phase difference between the top and bottom partial waves applies to both the longitudinal and shear vertical partial waves, as shown in Equation (45).
Appl. Sci. 2018, 8, x 16 of 22 Figure 9 . value which is indicative of the phase difference between the top and bottom partial waves for various points on the Lamb wave dispersion curves for a 1-mm thick aluminum plate. The color axis is constrained to +1 and −1. Figure 9 demonstrates the phase difference characteristics of symmetric and anti-symmetric Lamb waves, but it also shows how those characteristics break down at high frequencies where dispersion curves intersect. At these intersection points, a phase difference (either +1 or −1) will dominate the surrounding points of both dispersion curves. The clearest examples of this phenomenon are circled in red in Figure 9 .
Leaky Characteristics of Lamb Waves
Lamb waves travel through a traction-free plate. Leaky Lamb waves are the waves that propagate through the same waveguide when the traction-free boundaries are replaced with fluid half-spaces. The theoretical literature on leaky Lamb waves focuses on the calculation of dispersion curves and determining how these curves differ from the conventional Lamb wave dispersion curves [15, 16] . The focus of this section is not this, but rather the leaky characteristics of Lamb waves, assuming there is no change in the dispersion curves. That is, the dispersion curves of a plate surrounded by a vacuum will be used as an approximation for the dispersion curves of a plate surrounded by air. This is a universal standard practice. The goal will be to use the partial-wave method to determine the characteristics of the acoustic leakage into the fluid from the Lamb wave travelling in the plate waveguide.
Before continuing, it should be stated that for fluids, the Eulerian form of the balance of linear momentum for acoustics is:
This complicates the velocity-pressure relationship of the acoustic fluid. To simplify this, it is assumed that the displacement is time-harmonic, which makes the particle velocity:
It is also assumed that the displacement is spatially harmonic and longitudinal in polarization such that:
where is the unit vector denoting the direction of wave propagation. Using Equations (52) and (53) in Equation (51) results in:
The Eulerian form can approximate the Lagrangian form with these assumptions if: Figure 9 . q value which is indicative of the phase difference between the top and bottom partial waves for various points on the Lamb wave dispersion curves for a 1-mm thick aluminum plate. The color axis is constrained to +1 and −1. Figure 9 demonstrates the phase difference characteristics of symmetric and anti-symmetric Lamb waves, but it also shows how those characteristics break down at high frequencies where dispersion curves intersect. At these intersection points, a phase difference (either +1 or −1) will dominate the surrounding points of both dispersion curves. The clearest examples of this phenomenon are circled in red in Figure 9 .
wherek j is the unit vector denoting the direction of wave propagation. Using Equations (52) and (53) in Equation (51) results in:
The Eulerian form can approximate the Lagrangian form with these assumptions if:
Equation (55) can be rearranged to:
If it is assumed that the phase velocity is around 10 3 m/s and that displacements are about 10 −6 m, then for frequencies much less than 10 9 rad/s, the Eulerian form should approximate the Lagrangian form. As a result, the simpler pressure-velocity relationship:
which was derived from the Lagrangian form of the balance of linear momentum for fluids assuming a time-harmonic displacement, can be used for the following example.
As an acoustic wave in a fluid, the slowness curve can be plotted as a circle with a radius equal to 1/c air L . Plotted with respect to aluminum's slowness curve, the order of magnitude difference in radii makes all but the very dispersive part of the A0 mode, at very low frequencies, emit acoustic bulk waves (see Figure 10 ). At these low frequencies, the A0 mode is highly dispersive, and has a phase velocity lower than the acoustic wave speed in air. 
If it is assumed that the phase velocity is around 10 m/s and that displacements are about 10 m, then for frequencies much less than 10 rad/s, the Eulerian form should approximate the Lagrangian form. As a result, the simpler pressure-velocity relationship:
As an acoustic wave in a fluid, the slowness curve can be plotted as a circle with a radius equal to 1/ . Plotted with respect to aluminum's slowness curve, the order of magnitude difference in radii makes all but the very dispersive part of the A0 mode, at very low frequencies, emit acoustic bulk waves (see Figure 10 ). At these low frequencies, the A0 mode is highly dispersive, and has a phase velocity lower than the acoustic wave speed in air. The comparison of slowness curves from various media, which are shown in Figure 10 , is similar to an example in Auld [2] , but that example discussed the electromagnetic emission from a piezoelectric waveguide. The approach relies on Snell's law, dictating that the wavenumber (i.e., ) should be equal at the interface between media. However, if Snell's law were to be used directly, complex-valued angles (i.e., ) would need to be used.
Based on this slowness curve representation, it can be concluded that the acoustic leakage will be an obliquely travelling bulk wave. The angle of incidence of the acoustic leakage would be between 0° and 20° for most Lamb waves. If these findings are applied to air-coupled transducers, it would suggest that there is an optimum angle of reception for the air-coupled transducers. The comparison of slowness curves from various media, which are shown in Figure 10 , is similar to an example in Auld [2] , but that example discussed the electromagnetic emission from a piezoelectric waveguide. The approach relies on Snell's law, dictating that the wavenumber (i.e., k x ) should be equal at the interface between media. However, if Snell's law were to be used directly, complex-valued angles (i.e., θ) would need to be used.
Based on this slowness curve representation, it can be concluded that the acoustic leakage will be an obliquely travelling bulk wave. The angle of incidence of the acoustic leakage would be between 0 • and 20 • for most Lamb waves. If these findings are applied to air-coupled transducers, it would suggest that there is an optimum angle of reception for the air-coupled transducers.
The partial waves for air can be represented as an obliquely traveling longitudinal wave:
and the partial waves of a Lamb wave in an aluminum plate (see Equations (38) and (43)) can be used with five of the six available interface conditions:
where an expression for P air can be found by using Equations (57) and (58) to find that:
Although stress components are expressly used in the boundary conditions detailed in this paper, it is understood that they describe traction continuity. Equations (59)-(64) represent the traction and displacement continuity conditions indicative of a fluid-solid interface. We assume that B (+L) = 1, B (−L) , B (+SV) , B (−SV) , B (+air) , and B (−air) can be calculated as before by using the continuity conditions in Equations (59)−(64). B (+air) and B (−air) in this case would correspond with the amplitudes of the longitudinal waves at the top and bottom of the plate. All of the amplitudes were normalized by dividing each by:
Equations (38) and (58) can then be used to plot the wave structure, and verify that the interface conditions are satisfied.
Since it is now possible to calculate the amplitude of the acoustic leakage, every point of the Lamb wave dispersion curve can be input to determine the ideal guided wave mode for maximum (or minimum) acoustic leakage. Figure 11 shows sample calculations for a 1-mm aluminum plate. The color axis of Figure 11 is the average amplitude of acoustic leakage from Lamb waves:
(or minimum) acoustic leakage. Figure 11 shows sample calculations for a 1-mm aluminum plate. The color axis of Figure 11 is the average amplitude of acoustic leakage from Lamb waves: Figure 11 . Amplitude of the longitudinal partial waves in the air half-space after normalizing and averaging the magnitude for various points on the Lamb wave dispersion curves for a 1-mm thick aluminum plate. The Lamb wave dispersion curves were calculated assuming traction-free boundary conditions (BC).
Assuming there is a direct correlation between the strength of acoustic leakage and the amplitude of the acoustic wave coupled to the Lamb wave, Figure 11 suggests several things: Figure 11 . Amplitude of the longitudinal partial waves in the air half-space after normalizing and averaging the magnitude for various points on the Lamb wave dispersion curves for a 1-mm thick aluminum plate. The Lamb wave dispersion curves were calculated assuming traction-free boundary conditions (BC).
Assuming there is a direct correlation between the strength of acoustic leakage and the amplitude of the acoustic wave coupled to the Lamb wave, Figure 11 suggests several things:
• the A0 mode can have a lower amplitude of acoustic leakage than the S0 mode (when normalized by the amplitude of the wave structure); • the amount of acoustic leakage is not mode-dependent; • comparisons to Figure 8 suggest a potential relationship between the dominant partial waves present and the amplitude of the acoustic leakage; • when c p = c L , the leakage of the symmetric modes shown in Figure 11 agrees with the previous analysis by Rose [4] (Section 8.7.1), which attributes the lack of leakage to the lack of out-of-plane displacement at that surface.
Perhaps most interesting is that the maximum acoustic leakage is concentrated in Region 2 (Figure 1b) of the dispersion curves, while Region 1 (Figure 1a ) has noticeably less acoustic leakage. A possible explanation for why this would be is that the guided wave modes in Region 1 (Figure 1a) are composed of surface partial waves, which are inherently coupled to the interface.
In Region 2 (b), bulk shear vertical partial waves propagate through the thickness of the plate. Incident upon the aluminum-air interface, this can be modeled as an oblique incidence problem to determine the reflection and transmission characteristics, as shown in Figure 12 where θ i is the incident angle of a shear vertical bulk wave.  the A0 mode can have a lower amplitude of acoustic leakage than the S0 mode (when normalized by the amplitude of the wave structure);  the amount of acoustic leakage is not mode-dependent;  comparisons to Figure 8 suggest a potential relationship between the dominant partial waves present and the amplitude of the acoustic leakage;  when = , the leakage of the symmetric modes shown in Figure 11 agrees with the previous analysis by Rose [4; Section 8.7 .1], which attributes the lack of leakage to the lack of out-of-plane displacement at that surface.
In Region 2 (b), bulk shear vertical partial waves propagate through the thickness of the plate. Incident upon the aluminum-air interface, this can be modeled as an oblique incidence problem to determine the reflection and transmission characteristics, as shown in Figure 12 where is the incident angle of a shear vertical bulk wave. Displacement terms for each bulk wave are constructed according to particle polarization and wave propagation direction. The same BCs that are detailed in Equations (59)−(64) are applied to this problem. Along with Snell's law, these BCs are used to calculate the displacement amplitude ratios as a function of incidence angle, , as shown in Figure 13 :
 is the particle displacement amplitude ratio between the reflected longitudinal wave in the Displacement terms for each bulk wave are constructed according to particle polarization and wave propagation direction. The same BCs that are detailed in Equations (59)−(64) are applied to this problem. Along with Snell's law, these BCs are used to calculate the displacement amplitude ratios as a function of incidence angle, θ i , as shown in Figure 13: • R L is the particle displacement amplitude ratio between the reflected longitudinal wave in the aluminum and the incident shear wave in the aluminum.
• R S is the particle displacement amplitude ratio between the reflected shear wave in the aluminum and the incident shear wave in the aluminum.
• T L is the particle displacement amplitude ratio between the transmitted longitudinal wave in the air and the incident shear wave in the aluminum.
It is noted that in place of sin θ, the ratio of wavenumbers were used, e.g., sin θ By setting up Snell's law to be an equivalence between a bulk wave and an arbitrary wave in the same plate, the relation is:
Considering that is defined with respect to the z-axis, Snell's law becomes:
The black vertical line in Figure 13 corresponds with an incidence angle of about 45.45°, which translates to a phase velocity of 4350 m/s by Snell's law. For reference, a phase velocity at the shear wave speed, 3100 m/s, corresponds with an incidence angle of 90°, and a phase velocity at the longitudinal wave speed, 6350 m/s, corresponds with an incidence angle of 29°. The angles in the vicinity of 45.45° are associated with very little mode conversion to longitudinal modes, but most importantly to a large transmission of acoustic longitudinal waves to the air half-space. The behavior of the waves within the plate is consistent with what is Region 2 of Figure 8b .
Region 3 (c) would correspond to smaller angles of incidence as the phase velocity increases. For By setting up Snell's law to be an equivalence between a bulk wave and an arbitrary wave in the same plate, the relation is:
Considering that θ is defined with respect to the z-axis, Snell's law becomes:
The black vertical line in Figure 13 corresponds with an incidence angle of about 45.45 • , which translates to a phase velocity of 4350 m/s by Snell's law. For reference, a phase velocity
